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Observed galaxy luminosities (derived from redshifts) hold information on the large-scale peculiar
velocity field in the form of spatially correlated scatter, which allows for bounds on bulk flows and
the growth rate of matter density perturbations using large galaxy redshift surveys. We apply this
luminosity approach to galaxies from the recent SDSS Data Release 13. Our goal is twofold. First,
we take advantage of the recalibrated photometry to identify possible systematic errors relevant to
our previous analysis of earlier data. Second, we seek improved constraints on the bulk flow and the
normalised growth rate fσ8 at z ∼ 0.1. Our results confirm the robustness of our method. Bulk flow
amplitudes, estimated in two redshift bins with 0.02 < z1 < 0.07 < z2 < 0.22, are generally smaller
than in previous measurements, consistent with both the updated photometry and expectations for
the ΛCDM model. The obtained growth rate, fσ8 = 0.48± 0.16, is larger than, but still compatible
with, its previous estimate, and closer to the reference value of Planck. Rather than precision, the
importance of these results is due to the fact that they follow from an independent method that relies
on accurate photometry, which is a top requirement for next-generation photometric catalogues.
Keywords: Cosmology: theory, observations; large-scale structure of the universe; dark matter and dark
energy; statistical methods; redshift surveys
I. INTRODUCTION
Cosmology is steadily maturing from a phase driven by
high precision to a high-accuracy science. While statis-
tical estimators and observational strategies have been
designed to minimise random errors, the focus is now
shifting towards systematic uncertainties and their im-
pact on the total error budget. Various strategies have
been adopted to tackle this problem. The most effective
one is to estimate the same quantity using different tech-
niques applied to independent datasets. Considering the
linear growth rate of matter density fluctuations, f , as
an example, redshift-space distortions (RSDs) have been
recognised as the most promising method to estimate
this important quantity [e.g., 1, 2] and are now adopted
as its standard probe in next-generation galaxy redshift
surveys [e.g., 3, 4]. Peculiar velocities measured from
distance indicators have traditionally represented an al-
ternative probe which has provided a precious, though
very local, robustness test for analyses based on RSDs.
More recently, yet another technique has been proposed
to infer the growth rate from a photometric dataset com-
plemented with spectroscopic redshift information [5, 6].
Thanks to this luminosity method, we now have indepen-
dent and consistent f -estimates out to redshifts z ∼ 0.1.
The luminosity method can also be used to assess the
coherence of the peculiar velocity field, most notably the
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bulk flow, i.e. the volume average of the peculiar velocity
field. Again, and this constitutes a second example, this
technique has provided an important consistency check
to other estimates based on galaxy peculiar velocities and
contributed to rule out claims of anomalously large flows
that would prove difficult to justify within the standard
cosmological ΛCDM scenario [7–9].
The purpose of this paper is to further the luminosity
method by reducing the impact of systematics and to im-
prove estimates of the bulk flow and the cosmic growth
rate at z ∼ 0.1 obtained in [6]. We are able to achieve this
goal using the new Sloan Digital Sky Survey Data Release
13 (SDSS DR13) catalogue [10, 11] in which photometry
has been recalibrated to a nominal mmag level [12]. Ac-
curate photometry is of paramount importance to bulk
flows inferred from the luminosity method adopted here
since small, but spatially correlated errors can mimic spu-
rious coherent flows and lead to biased measurements.
We aim at two main goals. Firstly, thanks to the re-
duction of systematic errors, we will test the robustness
of our previous results. This mainly applies to the bulk
flow estimate since the measurement of the growth rate
involves additional information (spatial clustering from
spectroscopic redshift surveys) which reduces the impact
of systematics. Secondly, due to the fact that statisti-
cal uncertainties of the recalibrated magnitudes are also
smaller, we will be able to improve the accuracy in the
bulk flow estimate.
The paper is structured as follows: after a short recap
of the luminosity methodology and its underlying equa-
tions in section II, we introduce the SDSS data and mock
galaxy samples used by our analysis in section III. Con-
2sidering galaxies in two different redshift bins, we present
new bulk flow measurements and discuss their interpre-
tation using mock catalogues in section IVA. Adopt-
ing clustering-based reconstructions of the linear velocity
field, we provide updated constraints on the growth rate
of density perturbations and compare these to previous
findings in section IVB. Throughout this work, we will
closely follow the notation of [6, 9], and assume a flat
ΛCDM cosmology with fixed density parameters based
on the Wilkinson Microwave Anisotropy Probe (WMAP)
taken from [13]. Galaxy redshifts are expressed relative
to the rest frame of the cosmic microwave background
(CMB) using the dipole estimate of [14].
II. METHODOLOGY
To lowest order in linear perturbation theory, observed
galaxy redshifts z differ from their actual cosmological
distances or redshifts zc, which are defined for an unper-
turbed background, according to [e.g., 15]
z − zc
1 + z
≈
V (t, rˆr)
c
. (1)
Here rˆ is a unit vector along the line of sight to a given
galaxy and V denotes the physical radial peculiar ve-
locity field which yields the predominant contribution to
this difference at sufficiently low redshifts. Consequently,
observed magnitudes M , derived from galaxy redshifts,
are generally different from the true value M (t),
M = m−DM(z)−K(z) +Q(z)
= M (t) + 5 log10
DL(zc)
DL(z)
,
(2)
where DM = 25 + 5 log10[DL/Mpc] is the distance mod-
ulus, DL denotes the luminosity distance, m is the ap-
parent magnitude, and the functions K(z) and Q(z) ac-
count for K-corrections [e.g., 16] and luminosity evolu-
tion with redshift, respectively. The modulation of mag-
nitudes M−M (t) is systematic across the sky and can be
harnessed to obtain constraints on the peculiar velocity
field, using maximum-likelihood techniques [17].
Detailed descriptions of the luminosity method and its
various implementations are given in [5, 7] and [9]. Here
we present a brief overview of the key elements. Con-
sidering a galaxy survey with magnitudes, spectroscopic
redshifts, and angular positions rˆi on the sky, the start-
ing point is to choose an appropriate model for the radial
velocity field V (rˆ, z) which is characterised by a set of
model parameters ζk. To find an estimate of the ζk, one
maximises the probability of observing the data,
Ptot =
∏
i
P (Mi|zi, Vi({ζk}))
=
∏
i
(
φ(Mi)
/∫ M−
i
M
+
i
φ(M)dM
)
,
(3)
where Vi({ζk}) corresponds to the radial velocity field
evaluated at the position of galaxy i, and redshift er-
rors are neglected [5, 7]. Here φ(M) denotes the galaxy
luminosity function (LF) which is determined from the
very same dataset, and M± are the limiting magnitudes
which depend on the survey’s flux cuts and individual ra-
dial velocities field through the cosmological redshift zc
specified in Eq. (1). The rationale of this approach is to
find the set of model parameters which yield the minimal
spread in the observed magnitudes.
The luminosity method may be used to constrain the
peculiar velocity field in different ways. In this study, we
focus on two types of measurements. To estimate cosmic
bulk flows, we simply set the peculiar velocity model to
V (rˆ, z) = rˆ · vB , where the components of the bulk flow
vector vB are the free model parameters determined by
the likelihood procedure [7, 8]. Since the peculiar velocity
field is spatially coherent on large-scales, another possi-
bility is to independently predict it from the observed
galaxy distribution in redshift space [18–20]. The veloc-
ity field obtained in this way is a function of β = f/b,
where f is the growth rate and b is the linear bias between
galaxies and total matter. Combined with the likelihood
approach, this allows for constraining β with observed
galaxy luminosities [5].
An important element in the luminosity approach is to
reliably estimate the galaxy LF from the given data. To
this end, we adopt two different models of the LF in our
analysis. The first one was introduced in [8] and is based
on a cubic spline. Details regarding the implementation
of this particular spline model are extensively discussed
in [9]. The second one assumes the well-known Schechter
form which is characterised by the usual parameters M⋆
and α⋆ [21, 22]. As the normalization of the LF cancels
in the likelihood function, it does not concern us here.
III. DATA
A. SDSS DR13 galaxy catalogue
The key asset of this work is the recently improved
SDSS galaxy photometry of the publicly available Data
Release 13 (DR13) [11].1 Considering only galaxies that
are part of the SDSS legacy survey, the catalogue has
a median redshift of z ≈ 0.1 and provides magnitudes
in five different photometric bands which are corrected
for Galactic extinction using the updated estimates of
[23]. Compared to previous data releases, the SDSS pho-
tometry has been recalibrated using imaging data from
the PanSTARRS1 survey [24] yielding differences up to
the percent level [12]. Analogue to our recent analysis
based on galaxies from the SDSS Data Release 7 (DR7)
[9, 25], we use Petrosian r-band magnitudes and select
1 http://www.sdss.org/dr13/
3galaxies within 14.5 < mr < 17.6. Furthermore, we ex-
clude galaxies with questionable spectroscopic redshifts
or photometry by requiring the corresponding zWarning
and PS1 UNPHOT flags to equal zero. Since it plays a neg-
ligible role in our analysis which is insensitive to galaxy
clustering, we make no attempt at accounting for fibre
collisions. To minimise systematic effects resulting from
uncertainties in K-corrections or luminosity evolution,
we express absolute magnitudes in the 0.1r-bandpass
[26]. Finally, we further constrain the observed abso-
lute magnitudes Mr and redshifts of galaxies by impos-
ing −22.5 < Mr−5 log10 h < −17.0 and 0.02 < z < 0.22.
For our assumed cosmology, this yields a working sample
with approximately 4.5×105 galaxies, comprising around
105 galaxies less than the corresponding SDSS DR7 sam-
ple considered in [9]. This purer sample is labeled as
luminosityA and used for the bulk flow measurements
presented in section IVA.
Concerning the constraints on β, we also constructed a
second flux-limited subsample, luminosityB, which was
obtained as in [6] by trimming the sample luminosityA
to the redshift range 0.06 < z < 0.12 and selecting only
galaxies within −33◦ < η < 36◦ and −48◦ < λ < 51.5◦,
where η and λ are the SDSS survey latitude and sur-
vey longitude, respectively. This leads to a spatially con-
nected sample volume at z = 0.1 for which reliable recon-
structions of the peculiar velocity field can be obtained.
The sample contains a total of roughly 1.7× 105 galaxies
which is around 15% less compared to the size of the data
sample used in [6].
Because we are dealing with galaxy samples limited to
z ≈ 0.2, we follow the lines of [9] and assume that the
luminosity evolution depends linearly on redshift, i.e.
Q(z) = Q0 × (z − z0), (4)
where the pivotal redshift is set to z0 = 0.1. Results from
applying the luminosity method to these datasets are ro-
bust with respect to different models for luminosity evo-
lution as well as K-corrections of individual galaxies [9].
Regarding the latter, we shall adopt the two-dimensional
polynomial model of [27] which yields K-corrections as a
function of redshift and g − r color. To compute limit-
ing absolute magnitudes M± at a given redshift z in the
0.1r-bandpass, we resort to the mean K-correction spec-
ified in [9]. Like in our previous analyses based on DR7,
galaxies are weighted by their angular completeness when
calculating the total likelihood function Ptot.
B. Mock galaxy catalogues
To aid the interpretation of bulk flow measurements,
we consider a suite of 269 mock galaxy catalogues which
were modelled after the SDSS DR7 and allow for an
assessment of effects due to known systematics, incom-
pleteness, and cosmic variance. A detailed description
of how these mocks were constructed can be found in
[9]. Since the number of galaxies in the DR7 and DR13
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FIG. 1. The 0.1r-band luminosity function of the luminosityA
sample from the SDSS DR13: illustrated are the maximum-
likelihood result adopting the spline-based estimator with
∆M = 0.5 (solid line), and a fit based on the Schechter model
(dashed line). Error bars correspond to marginalised 99.7%
confidence limits of individual spline points.
samples is comparable and the photometric recalibration
of r-band magnitudes in DR13 introduced only slight
changes at the level of a few mmag, the mock catalogues
remain a suitable choice for the present study. Cross-
matching DR13 and DR7 galaxies within one arcsec, for
example, we find that more than 95% of all galaxies
in luminosityA are included in the corresponding DR7
sample of [9]. As we show in section IVA, a further indi-
cation is provided by a very similar LF estimate between
the two datasets.
The mock catalogues include a systematic error in the
SDSS DR7 photometric calibration which results in an
overall zero-point photometric tilt at the level of 10 mmag
over the entire survey area [28]. This tilt was modeled by
a randomly oriented dipole which is characterised by a
root mean square of δmdipole = 0.01 using all galaxies in
the sample. Since the impact of such systematics is ex-
pected to be significantly reduced in the new SDSS DR13
calibration [12], we have removed the dipole contribution
from all mocks before considering them in our analysis.
IV. DATA ANALYSIS
In what follows, we apply the luminosity method to
the SDSS DR13 galaxy samples. The new bulk flow mea-
surements are presented and interpreted in section IVA
and updated constraints on the cosmic growth rate are
discussed in IVB. For both cases, we will compare our
results to previous estimates based on the corresponding
4TABLE I. Comparison of bulk flow measurements obtained from the SDSS DR7 and DR13 galaxy samples in two redshift bins
for the different models of the LF described in the text. The quoted errors represent marginalised 68% confidence intervals.
0.02 < z < 0.07 0.07 < z < 0.22
φ(M) vx [km/s] vy [km/s] vz [km/s] vx [km/s] vy [km/s] vz [km/s]
Hybrid −227± 128 −326± 113 −239± 73 −367± 92 −439± 85 −25± 71
(DR7)Fixed −175± 126 −278± 111 −147± 58 −340± 90 −409± 81 −45± 43
Schechter −151± 130 −277± 116 −102± 78 −422± 93 −492± 86 −150± 74
Hybrid −200± 140 −292± 122 −146± 84 −349± 100 −301± 92 129 ± 87
(DR13)Fixed −199± 140 −292± 121 −129± 61 −363± 100 −323± 90 70± 47
Schechter −202± 141 −287± 124 69± 92 −356± 100 −324± 92 19± 93
SDSS DR7 datasets [6, 9].
A. Bulk flow estimates
To begin with, we determine the LF, denoted by φ(M),
in the 0.1r-band for the sample luminosityA, assuming
a vanishing velocity field. Choosing the spline-based es-
timator with a spline-point separation of ∆M = 0.5, the
result is illustrated as the solid line in Figure 1. Just
as in [9], φ(M) is normalised to unity over the sample’s
absolute magnitude range, and the error bars were ob-
tained from the “constrained” covariance matrix which
enforces the normalization constraint by a Lagrangian
multiplier [29]. Despite a smaller estimate of the evolu-
tion parameter, Q0 = 1.23± 0.12 (1.60± 0.11 for DR7),
the found result agrees well with studies based on pre-
vious data releases [9, 30, 31]. Fitting our estimate of
φ(M) with a Schechter form, we obtain the parameters
M⋆ − 5 log10 h = −20.45± 0.03 and α
⋆ = −1.07± 0.03,
which is fully consistent with the analysis of SDSS DR7
data in [9] and supports the argument in section III B.
The corresponding Schechter fit is shown as the dashed
line in Figure 1.
Since the SDSS samples cover only part of the sky,
bulk flow measurements generally probe linear combi-
nations of different velocity moments due to statisti-
cal mixing. This also includes the LF model and its
evolution which may effectively introduce an additional
monopole term. If interpreted with appropriate mock
catalogues mimicking the angular footprint of the real
survey, however, such measurements can yield meaning-
ful results. Here we shall follow the strategy described
in [9] to estimate bulk flows in two redshift bins with
0.02 < z1 < 0.07 < z2 < 0.22.
2 In particular, we consider
the following different approaches regarding the treat-
ment of the LF in the likelihood analysis:
(a) Estimate the LF with the spline-based model for
2 As detailed in [9], this choice mainly follows from requiring com-
parable signal-to-noise ratios between the two redshift bins.
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FIG. 2. Distribution of the quadratic form vTBΣ
−1
B vB in two
redshift bins derived from the SDSS mock catalogues, assum-
ing the Schechter model of the LF: the histograms represent
the observed (normalised) distribution and solid lines corre-
spond to the χ2-distribution with k = 3 degrees of freedom.
a vanishing velocity field, and keep it fixed in the
subsequent bulk flow analysis.
(b) Fit a Schechter form to the spline-based LF esti-
mate for a vanishing velocity field and model the
LF as a superposition of a Schechter form and the
corresponding residual (hybrid approach).
(c) Adopt a Schechter model for the LF.
The inferred bulk flows are summarised in Table I. For
comparison, we also list the recent estimates based on
SDSS DR7 [9]. The components of the bulk flow are ex-
pressed in a Cartesian coordinate system defined by its
x-, y-, and z-axes pointing towards Galactic coordinates
(l, b) ≈ (81◦,−7◦), (172◦,−1◦), and (90◦, 83◦), respec-
tively, where the z-axis roughly aligns with the direction
5TABLE II. Comparison of estimated event levels (expressed in
standard deviations σ) for the bulk flow amplitudes obtained
from the SDSS DR7 and DR13 galaxy samples in two redshift
bins assuming different models of the LF.
Event level [σ]
φ(M) 0.02 < z < 0.07 0.07 < z < 0.22
Hybrid 1.96 2.75
(DR7)Fixed 2.40 2.62
Schechter 0.95 3.19
Hybrid 1.30 2.48
(DR13)Fixed 2.26 2.42
Schechter 1.18 2.22
towards the centre of the northern survey region. Mea-
surement errors were derived from the covariance matrix
Σ which is obtained by direct inversion of the observed
Fisher matrix, defined as Fαβ = −∂ logPtot/(∂xα∂xβ)
evaluated at the most likely parameter vector xˆML.
Considering total bulk flow amplitudes, the DR13 esti-
mates are generally smaller than the DR7 ones. Averag-
ing the results over the different LF models yields values
of |vB| ≈ 370 ± 115 and 485 ± 95 in units of km s
−1
for the low and high-redshift bin, respectively. In the
high-z bin, the flow amplitudes are reduced by about
50–200 km s−1 compared to DR7, where the most sig-
nificant changes appear for the Schechter model of the
LF. The bulk flow components found from estimators
using different LF models are in reasonable agreement,
typically consistent within the quoted uncertainties. As-
suming the results based on the hybrid model, the esti-
mated bulk flows from DR13 are pointing towards (l, b) ≈
(315◦,−17◦)± (52◦, 15◦) and (304◦, 22◦)± (14◦, 11◦) for
the first and second redshift bin, respectively. Similar
directions are obtained for the other estimators.
To better assess these measurements, we repeated the
analysis for the 269 mock galaxy catalogues introduced
in section III B. In contrast to the study presented in
[9], these mocks do not account for the photometric tilt
of the SDSS DR7 calibration which severely contami-
nates bulk flows measured through the luminosity ap-
proach. The results based on our mocks suggest that
the individual flow components obtained with our meth-
ods are not statistically independent, but subject to cor-
relations at the level of 0.1–0.3. If the joint distribu-
tion of bulk flow components is approximately given by
a multivariate Gaussian with covariance matrix ΣB , the
quadratic form vTBΣ
−1
B vB should follow a χ
2-distribution
with k = 3 degrees of freedom. To test the validity of this
assumption, we computed vTBΣ
−1
B vB directly from the
SDSS mocks. For the Schechter LF model, the resulting
distributions, plotted as histograms in Figure 2, are in-
deed well-matched by the χ2-distribution (solid curves).
Adopting the other models of the LF yields very sim-
ilar results. Using the estimate of ΣB from the mock
catalogues, we may, therefore, assign probabilities to the
bulk flow measurements listed in Table I. As customary,
we express these in terms of confidence limits based on
normally distributed data.
The corresponding event levels (in units of the stan-
dard deviation σ) for the inferred bulk flow amplitudes
are presented in Table II. Compared to the DR7 results,
the probability estimates of the DR13 measurements are
on average considerably larger, and thus consistent with
an improved photometric calibration. The most promi-
nent change is found in the high-z bin for the Schechter
model of the LF, where the event level drops from 3.19
to 2.22σ. All measured DR13 flow amplitudes are con-
tained within the 2.5σ confidence interval. Given the
remaining uncertainties in the photometric data, limita-
tions in the modelling of the mock catalogues, and their
relatively small number, we conclude that the estimated
bulk flows for SDSS DR13 are in agreement with the
standard ΛCDM model. As was already pointed out in
[9], we emphasize that our results are robust with respect
to the particular choices of the background cosmology3,
K-corrections, and the luminosity evolution.
B. Constraints on the growth rate at z ∼ 0.1
Following the procedure outlined in [6], we now derive
constraints on β from the recalibrated SDSS DR13 data.
The deviations in photometry between the bulk of DR13
and DR7 galaxies are around few mmag and have only
little impact on the selection of volume-limited subsam-
ples used to build models of the linear peculiar veloc-
ity field. Hence, we do not expect any relevant changes
in the reconstruction of velocities which is generally ro-
bust to the adopted smoothing length and features on
small scales [5, 19]. For this reason, we resort to the ve-
locity models of [6] which were derived from the SDSS
DR7 catalogue for discrete and equidistant β-values with
∆β = 0.05 and 0 ≤ β ≤ 1. These models are based on a
decomposition of the smoothed galaxy density field into
spherical harmonics (lmax = 150) and assume a Gaus-
sian filter of 10h−1 Mpc radius. As argued in [6], the
contributions due to the monopole and dipole terms are
uncertain and were removed from the velocity reconstruc-
tion (l > 1). Using the linear velocity models, galaxies in
the subsample luminosityB are supplied with radial ve-
locities Vi(β) and then used in the likelihood procedure
to determine the most probable β-value. To maximise
Ptot, we adopt the spline-based LF which is fixed to its
estimate for zero galaxy velocities. Our analysis also ac-
counts for a slight statistical bias which emerges from the
partial sky coverage of the considered SDSS datasets. All
details regarding the calculation are summarised in [9].
3 For example, varying the total matter density parameter Ωm
in spatially flat cosmologies over the range 0.25 < Ωm < 0.35
yields almost the same estimates of the various flow components,
typically within a few km s−1.
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Presented are results based on galaxies from SDSS DR13
(filled circles) and DR7 (open circles). The estimates assume
the power spectrum amplitude of L⋆-galaxies given by [32].
Vertical lines indicate the result inferred from Planck data
(TT+lowP+lensing) [34] and its 95% confidence limits.
Carrying out the above steps, we find β = 0.54± 0.18
for the DR13 galaxy sample. This new estimate is around
30% larger than our previous result (β = 0.42 ± 0.14
for DR7), but consistent within the quoted uncertainties
which have been obtained from approximating the log-
likelihood near its maximum to quadratic order. For ve-
locity models which exclude more of the low multipoles
(e.g., models with l > 5), we observe a similar trend.
Assuming the power spectrum amplitude of L⋆-galaxies
inferred in [32], we may rewrite the result in terms of fσ8,
which allows for a comparison to measurements based on
different datasets [33] and where σ8 is the amplitude of
matter fluctuations in spheres of 8h−1 Mpc radius. This
yields a value of fσ8 = 0.48±0.16 (and fσ8 = 0.37±0.13
for DR7; see Figure 3) close to the ΛCDM estimate at
z = 0.1 based on the Planck data [fσ8 ≈ 0.45; shown as
the solid vertical line in Figure 3; 34].
Our result is independent of the Hubble constant and
quite insensitive to the precise choice of the cosmological
parameters, the removal of high-l modes in the velocity
models [6], or the used LF model. Assuming a Schechter
form changes the result marginally, i.e. β = 0.55± 0.18.
Similar to the case of bulk flows, differences in the treat-
ment ofK-corrections and luminosity evolution have only
a minor impact on the analysis [5, 9].
To summarise, the constraints on the large-scale pecu-
liar velocity field at z ∼ 0.1, derived from SDSS DR13
galaxies using the luminosity fluctuation method, are in
excellent agreement with the standard ΛCDM model of
cosmology. Compared to previous results obtained for
DR7, measured bulk flow amplitudes are generally re-
duced, especially at higher redshifts (0.07 < z < 0.22)
where photometric uncertainties have a more significant
impact on the analysis. The estimated growth rate is
slightly larger than, but still compatible with, the DR7
result, yielding a value close to the extrapolation based
on Planck data. The found changes are consistent with
the photometric recalibration of r-band magnitudes to a
nominal mmag level [12] and further confirm the robust-
ness of the luminosity method for datasets with accurate
photometry. From this point of view, all galaxy cata-
logues with similarly small photometric errors [4, 35, 36]
could be considered for future applications.
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